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The Correlation Method.
A Systematic Use of the Interrelationship between Sign Relations

By A. pE VRIES

Laboratorium voor Kristalchemie der Rijksuniversiteit, Utrecht, The Netherlands

(Kecetved 13 April 1964)

The method discussed is based on the interrelationship between sign relations, and aims at obtaining
a closer estimate of which sign relations are most likely to be correct. This method was developed
especially for work with projection data in cases where the number of strong reflexions is relatively
small. An example of the application of the method is given.

1. Introduction and definitions

The correlation method was developed in the course
of the crystal structure determination of L-asparagine
monohydrate, where only the projections were centro-
symmetric and the projection data contained a
relatively small number of strong reflexions. Although
the method presents its greatest advantages under
these circumstances it may be quite useful in other
cases as well.

The method may be regarded either as an extension
of the coincidence method or as an extension of the
use of relationships between sign relations, as described
by Woolfson (1961, p. 80). It is treated here as an
extension of the coincidence method.

The definitions of some of the symbols used are:

s(kkl) The sign of the structure factor of the reflexion

hkl.

Sa The sign of sign relation number n, written in
the form s(hkl) x s(A'E'UYx s(h+h', k+E',1+1)
=Sn.

P, The probability that a sign relation is correct,
calculated from the U values of the reflexions

in that sign relation (see e.g. Woolfson, 1961,

p- 50).

P_.=1-P.,.

P*  The probability that a sign relation is correct,
including the influence of the relations with
other sign relations.

P*¥ = 1—-P i

2. Coincidences of a different kind

A coincidence of the usual type (we shall call this a
coincidence of the first kind) is formed by a pair of sign
relations s(hkl) xs(A'k' ') xs(h+2', E+ k', 14+1) ~ +
that have fwo structure factors in common; such a
pair indicates that the remaining two structure factors
have probably the same sign (this will be called the
indication from the coincidence). For instance, the
sign relations

5(0, 5, 6) x s(0, 2, 0) x (0, 7, 6)~ +
5(0, 2, 0) x (0, 7, 6) x 5(0, 9, 6)~ +

form a coincidence, the indication being
(0, 5, 6)~s(0, 9, 6) .
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The general procedure in using coincidences is to
search for the indication that has the highest prob-
ability of being correct. This indication is then accepted
and the result thus obtained is introduced into the
sign relations, and again one searches for the indication
that will now have the highest probability of being
correct, and so on.

Unfortunately the probability that an indication is
correct, i.e. the probability that the two sign relations
involved are either both correct or both incorrect,
is always lower than the probability that either of
the two sign relations is correct; so, in general, the
reliability of the indications is not high. The situation
will improve, however, when an indication is given by
more than one coincidence: the more coincidences
yield the same indication, the higher the probability
that this indication will be correct. It is therefore
important to note that there are coincidences of
another type, which occur more frequently than the
coincidences of the first kind and thus give higher
probabilities. These coincidences we shall call coinci-
dences of the second kind.

A coincidence of the second kind is formed by a pair
of sign relations that have ome structure factor in
common; such a pair indicates that the product of
the signs of the other four structure factors is probably
positive. For instance, the sign relations

s(0, 2, 4) x 5(0, 6, 2) x s(0, 8, 6)~ +
s(0, 2, 4) x 5(0, 3, 4) x 8(0, 5, 8)~ +

form a coincidence of the second kind, the indication
being
(0, 6, 2) x 5(0, 8, 6)~s(0, 3, 4) x s(0, 5, 8) .

(It should be noted that a coincidence of the first
kind can be regarded as a special case of a coincidence
of the second kind).

3. The correlation equation

The reliability of the coincidence method, already
having been improved by the introduction of the
coincidences of the second kind, in the preceding
section, can be increased further by a more effective
way of making use of coincidences that give the same
indication.

Suppose there are two pairs of sign relations with
one structure factor in common (instead of

S(hkl) x s(R'E'V) x s(h+ k', b+ k', 14+1")~ +
we shall use here the form

S(hkl) x s(B'E'V) x s(h+1', k+E,1+1)=8
where S is more likely to be positive):

s(0, 0, 4) x (0, 8,2) xs(0,8,6) =58
s(0, 0, 4) x 5(0, 10, 2) x s(0, 10, 6)=S2
and
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s(0, 2, 0) x s(0, 8, 2) x (0, 10, 2)=S5
$(0, 2, 0) x 5(0, 8, 6) x 5(0, 10, 6) =S4

which give the same indication:
(0, 8, 2) x s(0, 8, 6)~s(0, 10, 2) x 5(0, 10, 6) .

If this indication is true, then both S:S; and S38:
have to be positive; if it is false then both S18: and
S384 have to be negative; in either case 818:=.S3S4.

Now this relation S18:=838s (which we shall call
a correlation equation) influences the probabilities of
positive or negative of each of its constituent signs S.
To demonstrate this for the sign S; we write the
correlation equation as

S1=282884 .

From this equation it is seen that Si can be positive
only if 828384 is positive and that Si can be negative
only if S28384 is negative, and since every S is always
more likely to be positive than negative, this increases
the probability that S;= +.

To give an example, we shall calculate this increase
for the case that all the P, values involved are 0-8.
From the probabilities for the different sign combina-
tions in S283Ss given in Table 1 it follows that the
probability that S2S83S4 is positive is 0-608, and the
probability that it is negative is 0-392, so the ratio
P,/P_ for 82838, is 1-55. For S, itself the ratio P./P_
is 4:0. Since S; must always have the same sign as
828384, the ratio P%¥/P* for S, (the ratio of the
probabilities, taking into account the influence of the
correlation equation) is the product of the ratio P./P_
for S; and the ratio P+/P- for S28384. So P*/P* for S;
is 4-0 x 1-55=6-2.

Table 1. Probabilities for the different sign combinations
in 828384 (assuming P+=0-8 for all three sign relations)

P
All three signs positive (1 possibility) 0-512
Two signs positive, one negative (3 possibilities) 0-384
One sign positive, two negative (3 possibilities) 0-096
All three signs negative (1 possibility) 0-008
2P = 1-000

If there are more correlation equations containing Si,
the calculation will be completely analogous. Assume
that there are the following four correlation equations:

81=182858,
= 8556
= 85855,
= SSS IOS 11 .

For each triple product of signs and for S; itself one
may calculate the ratio P./P-, and next the ratio
P%/P* for S; is obtained simply as the product of
all these separate P./P_ values. Taking again P+=0-8
for all the sign relations involved we get:

P¥/P* for §;=4-0x (1-55)¢=231 .
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So every correlation equation containing S; will
increase the probability that S, is positive, and by
combining all those equations one may obtain very
high probabilities indeed. For instance, from the sign
relations between the Okl reflexions with U > 0-20
from L-asparagine monohydrate we calculated that
the most probable sign relation had a chance of only
0-19% of being incorrect, whereas the most likely
indication obtained from coincidences of the first
kind still had an 119 chance of being incorrect
(De Vries, 1963).

4. The procedure of the sign determination

It will be clear from the preceding section that in
our method we determine the signs § of the sign
relations rather than the signs s of the structure
factors. The way in which this is done is:

(a) Calculate for the most promising sign relations
the probability that they hold, taking into account
the correlation equations.

(b) Take the sign relation with the highest probability
as correct, and substitute a + for its sign in the
correlation equations.

(c) Continue as under (a) until the probabilities get
too low and/or until enough sign relations have
been assumed to be correct.

5. Correction of the probabilities

One important aspect of the method of successively
taking sign relations as correct has not been discussed
yet. We know that, at the start, out of the total
number of sign relations a certain number is incorrect.
So by assuming some sign relations to be correct
we imply that the relative abundance of incorrect
sign relations in the remaining ones increases and
therefore also that for each sign relation the chance
of being incorrect increases. This effect can be taken
account of by increasing the P_ values of the remaining
sign relations, as may be shown as follows.

Suppose we start with 100 sign relations, out of
which 20 are incorrect. Suppose also that XP_
(the statistical value for the number of incorrect
sign relations) corresponds to the true number of
incorrect relations, so XP_=20. At the stage where
we have assumed 30 sign relations to be correct
(this means that we take for these P.=1 and P_-=0)
we calculate XP- again and find say, ZP_=186,
meaning that the probability function we used
corresponds now to a total of 16 incorrect relations.
Since the true number of incorrect relations is still 20,
we have to correct the probability function so as to
give again XP_=20; we can do this by multiplying
every P_ by 2. This correction may seem small,
but its effect can be considerable. For instance,
when a sign relation occurs in four correlation
equations, its P* increases by a factor of approx-
imately (2)5 ~3.
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Applying the correction factor discussed above we
get a gradual increase of the P* values when more
and more of the sign relations are assumed to be
correct, and at a certain stage the lowest P* left
will be so large as to give us an indication that we
had better make no further assumptions.

A final remark has to be made on this point.
If the sign relations assumed to be correct come
largely from a special group of sign relations, it will
be advisable to use a separate correction factor for
this group; we used for instance different correction
factors for the group of sign relations between re-
flexions with k+/=even and the group containing
reflexions with k+/=odd.

6. An example of the application of the method

To illustrate the use of the correlation method we
shall give the results of the application of the method
to the Okl reflexions with U > 0-20 of r-asparagine
monohydrate (De Vries, 1963). The pertinent data

Table 2. List Okl reflexions with U > 0-15

k1 U k1 U

0 +22 5 11 —34
0 8 +50 5 13 —34
1 5 +26 6 1 +22
2 0 —30 6 6 —24
2 3 +15 6 7 —-19
2 4 —21 6 10 —16
2 8 —15 6 12 —20
2 11 +15 7 1 —18
2 12 +19 7 6 —22
2 13 —16 707 —21
2 14 —-20 7 8 +20
3 1 —18 7 10 —27
3 3 +27 8 0 —18
3 4 +21 8 2 —26
3 5 +26 8 3 +20
3 11 +23 8 5 —26
3 13 +27 8 6 —23
4 2 +15 9 6 +32
4 4 —-17 9 9 —17
4 5 +15 10 0 +23
4 10 + 15 10 2 +20
4 12 —26 10 6 +25
5 1 —17 10 9 —-19
5 5 —28 11 2 —15
5 6 +29 12 1 +28
5 9 —21

are: space group P2;2,2;; 40 atoms per unit cell,
barring the hydrogen atoms; 148 0%l reflexions; data
on U-values and sign relations are given in Tables
2 and 3; 90 correlation equations were foundf for
the sign relations given in Table 3.

Table 4 lists the signs of sign relations successively
assumed to be positive, and for the first two assump-
tions in this Table we give the procedure in some
detail below.

1t A paper describing a convenient way of finding the
correlation equations is in preparation.
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Table 3. List of all sign relations between the Okl reflexions with U = 0-20
Sign relation* P_t Sign relation* P_t Sign relation* P_t
1 04 x 20 x 24 0-25 31 2,0 x 4,12x 6,12 022 61 34 x 7,10x10,6 0-25
2 56 x 5,9 0-27 32 56 x 7.6 0-18 62 3,5 x 3,11x 6,6 0-25
3 59 x 513 022 33 6,6 x 8,6 0-21 63 4,12x 77 0-25
4 76 x 7,10 027 34 7,6 x 9,6 0-16 64 5,11x 8,6 0-17
5 8,2 x 8.2 0-32 35 8,2 x10,2 0-22 65 6,1 x 9,6 0-19
6 82 x 8,6 0-27 36 8,6 x10,6 0-21 66 7,7 x10,2 0-30
7 10,2 x10,2 0-38 37 24 x 3,5 x 59 0-30 67 9,6 x12,1 0-14
8 10,2 x 10,6 033 38 3,13x 5,9 0-28 68 3,11x 55 x 8,6 0-24
9 08 x 04 x 04 0-22 39 56 x 7,10 0-22 69 56 x 8,5 0-21
10 24 x 24 0-25 40 511x 7,7 0-24 70 59 x 82 0-27
11 33 x 3,5 0-06 41 6,1 x 83 0-33 71 513x 8,2 0-17
12 3,3 x 3,11 0-08 42 6,1 x 8,5 0-28 72 3,13x 5,11x 8,2 0-12
13 34 x 3,4 0-25 43 66 x 8,2 0-27 73 7,7 x10,6 0-25
14 35 x 3,13 006 44 7,10x 9,6 0-19 74 412x 56 x 9,6 0-12
15 55 x 513 002 45 8,2 x10,2 0-30 75 6,6 x10,6 0-22
16 8,2 x 8,6 0-08 46 8,2 x10,6 0-25 76 6,12x10,0 0-28
17 83 x 8,56 0-11 47 8,6 x10,2 0-32 77 5,56 x 5,11x10,6 0-12
18 10,2 x 10,6 0-12 48 2,14x 33 x 5,11 0-19 78 7,6 x12,1 0-21
19 1,6 x 2,0 x 3,5 0-17 49 35 x 5,9 0-30 79 56 x 7,7 x12,1 0-21
20 56 x 6,1 0-21 50 56 x 7,8 0-28 80 59 x 511x10,2 0-25
21 511x 6,6 0-16 51 6,12x 8,2 0-32 81 7,8 x12,1 0-28
22 6,1 x 7,6 0-27 52 78 x 9,6 0-27 82 7,10x 12,1 0-22
23 6,12x 17,7 0-30 53 33 x 5,5 x 8,2 0-17 83 5,11x 5,13x10,2 0-14
24 7,7 x 8,2 0-25 54 56 x 83 0-22 84 7,10x 12,1 0-11
25 78 x 8,3 0-32 55 59 x 86 0-27 85 66 x 3,3 x 3,3 0-28
26 7,10x 8,5 0-19 56 34 x 35 x 6,1 0-28 8 100 x 55 x 55 0-28
27 20 x 1,6 x 1,56 0-25 57 4,12x 7,8 0-30 87 56 x 5,6 0-27
28 3,5 x 556 0-15 58 56 x 82 0-22 88 59 x 59 0-38
29 3,11x 5,11 014 59 59 x 8,5 0-30 89 511x 511  0-19
30 3,13x 5,13 0-09 60 7,6 x10,2 0-33 90 513x 5,13 0-19
* For simplicity s(0kl) is represented by the indices % and I only. Also use has been made of the relation s(0kl) = (— 1)+ x s(0kI).

T The P_ values are calculated by means of the formulae given by Woolfson (1961) in the approximation for equal atoms.

Table 4. Results of the application of the
correlation method

The structure factors included are: the two structure factors
determining the origin, and those contained in all the sign
relations assumed to be correct at each stage
The number of possibilities indicates how many different
choices can be made for the set of signs of the structure factors
included at each stage

Structure

Signs assumed P* of the factors Pos-

to be positive signs included sibilities
Sie 0-001 5 4
Sis 0-0015 7 8
Ses =S 0-001 8 8
S 0-007 9 8
Sp=8S3 0-001 10 8
Spo=Sea =155 0-002 11 8

5 ="S%3 0-004 12 8
S16==85 =547 0-004 13 8

12=5S5s 0-006 14 8

16 =S4 0-008 15 8
8, =8, =8,=8, 0010 16 8
Sag 0-028 17 8
Sy 0-009 18 8
Spa="S4 0-007 19 8
Sy =S75=Sg, 0-010 20 8

Sign relation 16 had the correlation equations:

SIG = SBS4SS47 = 812‘5’53868 = 812855870 = SI4SG4S72
= SI5SGSS71 = SISSGSS = 818835836 = 818846847 .

In addition to this we had Sg=S10= — S13. From these
relations P* for Si¢ was calculated as 0-001, and this

being the lowest P*, sign relation 16 was assumed
to hold:
s(0, 0, 8) x s(0, 8, 2) xs(0, 8, 6)=+.

When we take $(0,0,8)=a and s(0,8,2)=5b then
s(0, 8, 6)=ab. So together with the two structure
factors determining the origin (we chose s(0, 3, 5)=
8(0,5,6)=+) we had 5 structure factors, with 4
possibilities for their signs (both @ and b can be +
as well as —).

For sign relations 15 we had now:

S15 = 898283 = SIZSSSSH = S14SZSS3O = SISSWSSS
=SGSS71

(the last product contains only two signs because
S16=+ could be left out). Again using Sg=S10= —S13
this yielded P* for Si5 as 0-0015, and 815 was assumed
to be positive:

5(0, 0, 8) x 5(0, 5, 5) x 5(0, 5, 13) = +.

We had already s(0, 0, 8)=a; so, taking s(0, 5, 5)=c¢
we get s(0, 5, 13)=ac. We thus had now 7 structure
factors with 8 possibilities for their signs.

As these first two sign relations assumed to be
correct happened to occur together in one correlation
equation, the result of these first two assumptions
was that the other two sign relations in this equation
had to have the same sign. This considerably increased
the probability that this sign would be positive,
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and so this sign was the next one to be assumed to be
positive. With only three exceptions all the following
assumptions were related to signs found to be the
same for two or more sign relations.

After the last assumption listed in Table 4 the
lowest P* left was 0-065, much higher therefore than
any of the P* values listed in the Table. For this
reason and also because the signs of 20 structure
factors had already been included, this was considered
a good point at which to stop. (Indeed it was found
that further calculations would not have yielded
much useful information.) From the sign relations
between the signs of one medium (0-20>U > 0-15)
and two large structure factors the sign of one medium
structure factor could be determined with a P* of
0-0025. We thus had a total of 21 structure factors,
the signs of which could be expressed in three sign
symbols, a, b and ¢, hence with 8 possibilities for
their signs (Table 5). For one of the possible choices
for @, b and ¢ (a=b=c=+) all 21 signs were positive,
so this possibility could be discarded right away.
For one of the others (a=+, b=c=—) all 21 signs
appeared to be correct; it was possible to solve the
corresponding Fourier synthesis.

Table 5. Signs for the 21 structure factors,
expressed in the sign symbols a, b and ¢

k = even k = odd k = odd k = even
I = even ! = odd ! = even ! = odd

k 1 Sign k 1 Sign k I Sign k 1 Sign
08 a 3 3 be 5 6 + 121 +

20 ¢ 3 5 + 7 6 ¢

2 4 ac 3 11 abe 710 ac

2 8 ac 313 a 9 6 <+

82 b 5 5 ¢

8 6 ab 5 9 ac

10 2 be 511 ab

10 6 abc 513 ac

7. Gradual development of new
correlation equations

One minor point has yet to be mentioned here.
When a number of sign relations has been taken as
correct and the information contained in these sign
relations is introduced in the remaining sign relations,
this might lead to new correlation equations, and these
new correlation equations might have considerable
influence upon the probabilities of the correctness of
further assumptions. For this reason it is advisable
to interrupt the calculations when a substantial part
of the signs has been determined, and to make a new
list of the correlation equations that can be found
at this stage; preferably one should make a separate
list for each of the possible sets of signs of the structure
factors included at this stage.

It is quite clear that the new correlation equations
(containing four signs) mentioned here have proceeded
from already existing ones which contained initially
six, eight, or more signs. Strictly speaking these

AC18—31
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correlation equations of ‘higher degree’ should have
been included in the calculations right from the
beginning. There are, however, reasons for not doing
80:

1. The influence of the correlation equations upon the
probabilities decreases rapidly as the degree of the
equations increases.

2. The omission of correlation equations of higher
degree will counteract the effect mentioned in the
Appendizx.

3. The introduction of correlation equations of higher
degree would complicate the calculations.

8. Summary

When the method developed here is compared with
the coincidence method the following differences are
noted :

1. Apart from the coincidences of the first kind the
coincidences of the second kind are also used.

2. Instead of taking indications of coincidences as
correct we take sign relations as correct.

As a result the probabilities that the assumptions
are correct are far greater than with the coincidence
method. Consequently structures too complicated to
be solved by the coincidence method may indeed be
solved by the correlation method, as has been demon-
strated for L-asparagine monohydrate (De Vries, 1963).

The procedure for the calculations is as follows:

1. Make a list of all sign relations between all strong
(and medium) reflexions.

2. Make a list of all correlation equations for those
sign relations.

3. Calculate the probability to hold for the most
promising sign relations, taking into account the
correlation equations.

4. Take the sign relation with the highest probability
as correct and substitute a + for its sign in the
correlation equations.

5. Proceed as under (3) until the probabilities get too
low, applying a correction factor to take account
of the gradual relative increase of failures in the
remaining sign relations.

6. It is advisable to stop the first round of calculations
when a substantial part of the signs has been
determined, as new correlation equations develop
gradually. A second round of calculations (taking
also into account the new correlation equations)
may then be started for each of the possible sets
of signs separately.

Advantages in comparison with other direct methods
are:

1. Probabilities are high, so the chance of mistakes
is slight.

2. Large amounts of information are used for making
the decisions.
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3. It is a multiple-solution method.

4. The calculations can easily be done on a desk
calculator, and are also well adaptable to computer
programming.

The method proved successful for a projection of
the structure of L-asparagine monohydrate (De Vries,
1963), for projections of the structures of three
modifications of mesotartaric acid (Bootsma &
Schoone, 1965) and for a projection of the structure
of tartronic acid (Kroon, Kanters & Van Eyck, 1965).

APPENDIX

The value 23-1 obtained in §3 for the P¥/P* ratio
for S, is actually somewhat too high, since three of
the triple products involved are not independent,
because S3 and Ss are each present in two different
triple products. The correct value of P*/P*, which
can be obtained by calculating the probabilities for
the various sign combinations in a way analogous to
that followed in Table 1, is 21-7.

For each of the signs S3 and Sz separately, its
influence may easily be calculated as is shown here
for Ss. Instead of

828384=_838:8s

we write
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Sz x (S284=88S0) .

The term between brackets may now be considered
as one single sign, the P/P_ ratio of which is equal
to the product of the P./P_ ratios of 8284 and SsSs.
From here on the calculation of P*/P* for S; proceeds
as in § 3.

Since 83 and Ss oceur together in one triple product,
this trick can not be used for the calculation of the
influence of the two signs together. However, in most
cases the error made when the procedure of §3 is
followed (which ignores the effect of the interrelation
between the correlation equations) is rather small.

It is a pleasure to thank Prof. J. M. Bijvoet and
Prof. A. F. Peerdeman for their continuous interest
and valuable criticism.
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On the Proper Modes of Propagation of X-rays*

By EpwarDp J. Saccocrot AND ALFRED Zajact
Polytechnic Institute of Brooklyn, Brooklyn, New York 11201, U.S. A.

(Recetved 19 August 1963 and in revised form 4 March 1964)

The modes of propagation of an X-ray wave field for single diffraction are evaluated at the Bragg
angle as an illustration of a method which can be applied to simultaneous diffraction.

Introduction

The methods of the dynamical theory of X-ray
diffraction are presented extensively in established
texts (James, 1954; Zachariasen, 1945) and recently
have been subjected to some reviews (James, 1963).
The general theoretical treatment deals with cases
when any number of reciprocal lattice points enter
the Ewald sphere. However, applications of the
general results of the dynamical theory to situations
observed in practice are almost exclusively limited
to two fields, <.e. to the case when only two reciprocal

* Supported by National Science Foundation.

1 Present address: Physics Department, St. John’s Univer-
sity, Jamaica, New York, U.S.A.

1 Present address: Physics Department, Adelphi Univer-
sity, Garden City, L.I., New York, U.S.A.

lattice points (one of which is the origin) are on the
sphere of reflection. Such theory has been worked
out in detail. The starting and most important part
is the evaluation of the equations of the dispersion
sheets.

When considering a larger number of fields, say
three or four, the usual procedure is unwieldy. It is
rather difficult to obtain the dispersion sheets.
Considerable information can, however, be obtained
when one works exclusively under conditions when
Bragg’s law is fulfilled exactly. These conditions
correspond to the diameter points of the dispersion
sheets.

In addition, it seems to us that in the case of a
larger number of fields it is necessary to evaluate
the normal modes of vibration of the electric field
vector of the X-ray wave fields. Considerable insight



